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RIGHT EXACT GROUP COMPLETION AS A TRANSFINITE INVARIANT OF
HOMOLOGY EQUIVALENCE
SERGEI O. IVANOV AND ROMAN MIKHAILOV
Abstract. We consider a functor from the category of groups to itself G ↦ Z∞G that we call right
exact Z-completion of a group. It is connected with the pronilpotent completion Gˆ by the short exact
sequence 1 → lim
←Ð
1 MnG → Z∞G → Gˆ → 1, where MnG is n-th Baer invariant of G. We prove that
Z∞pi1(X) is an invariant of homological equivalence of a space X . Moreover, we prove an analogue
of Stallings’ theorem: if G → G′ is a 2-connected group homomorphism, then Z∞G ≅ Z∞G
′. We give
examples of 3-manifolds X,Y such that pi1(X) ≅ pi1(Y ) but Z∞pi1(X) /≅ Z∞pi1(Y ). We prove that for
a finitely generated group G we have (Z∞G)/γω = Gˆ. So the difference between Gˆ and Z∞G lies in
γω. This allows us to treat Z∞pi1(X) as a transfinite invariant of X. The advantage of our approach
is that it can be used not only for 3-manifolds but for arbitrary spaces.
Introduction
The main motivation of this research is the old problem of J. Milnor, of finding a realizable
transfinite version of µ-invariants for links [18]. The pronilpotent completion of the link group
provides a natural concordance invariant. How one can find a transfinite analog of this invariant,
which can differ links with the same group completion up to concordance? We are not able to
construct such an invariant for links, but one can extend the problem to the class of all spaces (or
3-manifolds) and change the concordance by homology equivalence (or homology cobordism). The
pronilpotent completion of the fundamental group provides a natural homology equivalence invariant.
In this paper we consider one of its transfinite extensions.
For a group G we denote by γnG its lower central series and by Gˆ the pronilpotent completion
Gˆ = lim
←Ð
G/γnG.
It is well-known that the pronilpotent completion of the fundamental group is an invariant of Z-
homological equivalence, i.e. if X → Y is a Z-homological equivalence of spaces, then pi1(X) →
pi1(Y ) is an isomorphism. In this paper we present a functor from the category of groups to itself
G↦ Z∞G, that we call the right exact Z-completion, which gives a stronger invariant of homological
equivalence than the pronilpotent completion. Moreover, we give examples of 3-manifolds X,Y , such
that pi1(X) ≅ pi1(Y ) but Z∞pi1(X) /≅ Z∞pi1(Y ).
If X is a space we denote by Z∞X its Bousfield-Kan Z-completion [5]. Then by definition we set
Z∞G ∶= pi1(Z∞BG),
where BG is the classifying space. For a group G we denote by MnG its n-th Baer invariant, which
is also known as n-nilpotent multiplier (see [6], [15], [11] or Section 2 for the definition of Baer
invariants). We prove that there is a short exact sequence
1Ð→ lim
←Ð
1 MnGÐ→ Z∞GÐ→ GˆÐ→ 1.
Moreover, for a finitely generated group G this short exact sequence induces isomorphisms
γω(Z∞G) ≅ lim←Ð
1 MnG, Z∞G/γω ≅ Gˆ,
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where γω is the intersection of the lower sentral series (Proposition 3.13). We also prove an analogue
of Stallings’ theorem for the right exact Z-completion: a 2-connected homomorphism G→ G′ induces
an isomorphism Z∞G ≅ Z∞G′ (Proposition 3.6).
We also give a description of Z∞G on the language of combinatoral group theory. Namely, if
G = F /R is a free presentation of G, then there is an exact sequence
RˆF Ð→ Fˆ Ð→ Z∞GÐ→ 1,
where RˆF = lim←Ð
R/γn(R,F ) and γn(R,F ) is defined by recursion: γ1(R,F ) = R and γn+1(R,F ) =[γn(R,F ), F ] (see Proposition 3.12). Moreover, we prove the following statement. If U ↣ E ↠ G is
a short exact sequence of groups such that E is finitely presented and H2E is finite, then there is an
exact sequence
UˆE Ð→ Eˆ Ð→ Z∞GÐ→ 1
(see Proposition 3.10). This statement is the main tool for computation of Z∞G. In order to compute
Z∞G, one has to find a finitely presented extension E with finite H2E and computable Eˆ and UˆE .
The homotopy type of the Bousfield-Kan Z-completion Z∞X is invariant with respect to Z-
homology equivalence i.e. if X → Y is a Z-homology equivalence, then Z∞X → Z∞Y is a homotopy
equivalence [5]. Therefore pi1(Z∞X) is invariant with respect to Z-homological equivalence. We
prove that
pi1(Z∞X) = Z∞pi1(X)
(Proposition 3.3). Hence Z∞pi1(X) is an invariant of Z-homological equivalence. If pi1(X) is a finitely
generated group, we can recover pi1(X) from Z∞pi1(X) as follows
pi1(X) = Z∞pi1(X)/γω.
In this sense Z∞pi1(X) is a stronger invaiant than pi1(X).
We construct examples of 3-manifolds that can’t be distinguished by pˆi1 but can be distinguished
by Z∞pi1. Consider the following matrix ak = ( −1 k0 −1 ) , where k is an odd integer number. The matrix
defines the following semidirect product
Gk = Z ⋉ak Z
2,
where Z acts on Z2 by ak. The construction of mapping torus associated with the homeomorphism
on (S1)2 induced by ak gives an aspherical 3-manifold Xk =K(Gk,1) with a fiber sequence
(S1)2 →Xk ↠ S1
and the monodromy action induced by ak.
Theorem 4.1. Let k and l be two odd integers. Then the following holds.
(1) pi1(Xk) ≅ pi1(Xl).
(2) If kl /≡ 1,7 (mod 8), then Z∞pi1(Xk) /≅ Z∞pi1(Xl).
The condition kl /≡ 1,7 (mod 8) is connected with the fact that a 2-adic integer α ∈ Z2 is a square
if and only if α ≡ 1 (mod 8). We use the group Z∞pi1 in order to differ 3-manifolds. However, the
advantage of this invariant is that it can be used for arbitrary spaces.
In this paper we use the notion of right exact functor in the sense of Keune (see [14], [1]). Let us
define it in a general categorial setting. Let C be a category. A couple of epimorphisms α0, α1 ∶ c′ ⇉ c
is called split couple of epimorphisms if there exists a morphism s ∶ c′ → c such that α0s = idc = α1s.
In other words, s is a splitting for both epimorphisms α0, α1 at the same time. Such couples of
epimorphsms occur in the beginning of a simplicial object. A functor
Φ ∶ C Ð→ D
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is called right exact (in the sense of Keune) if it commutes with coequalizers of split couples of
epimorphisms. It is proven in [1] that a functor on the category of groups Φ ∶ Gr → Gr is right exact
if and only if the natural map from its zero derived functor
L0ΦÐ→ Φ
is an isomorphism. Moreover, the zero derived functor L0Φ is a right exact functor for any functor
Φ. Hence, taking the zero derived functor is a universal way to make a right exact functor from a
functor. We prove that the functor G↦ Z∞G is the zero derived functor of the functor G↦ Gˆ
(G↦ Z∞G) = L0(G↦ Gˆ).
In particular, G↦ Z∞G is right exact, while G↦ Gˆ is not right exact. That is why we call Z∞G the
right exact Z-completion of G.
Also we have to mention that the paper [7] played a significant role in developing transfinite
methods in homology cobordism of 3-manifolds. In a forthcoming paper [8], Jae Choon Cha and
Kent E. Orr have developed a full theory of Milnor invariants for 3-manifolds. Their homology
cobordism invariants, indexed on finite and infinite ordinals, include Milnor’s classical link invariants
as a special case, arising as invariants of 0-surgery on a link. As one corollary of their theory, they
classify all possible transfinite lower central series quotients of the Vogel localized groups of oriented,
closed 3-manifolds. Some of their significant examples were initially suggested by our results, and use
the same twisted torus bundles. Although these examples prove interesting in the context of their
paper and ours, the connections between their methods and ours seem provocative and interesting.
1. Right exact functors in the sense of Keune
Let C be a category. A couple of epimorphisms α0, α1 ∶ c′ ⇉ c is called split couple of epimorphisms
if there exists a map s ∶ c′ → c such that α0s = idc = α1s. In other words, s is a splitting for both
epimorphisms α0, α1 at the same time. A functor
Φ ∶ C Ð→ D
is called right exact (in the sense of Keune) if for any split couple of morphisms α0, α1 ∶ c′ ⇉ c the
couple (α0, α1) has the coequalizer in C, the couple (Φα0,Φα1) has the coequalizer in D and the
natural morphism
coeq(Φα0,Φα1)→ Φ(coeq(α0, α1))
is an isomorphism.
Remark 1.1. Some authors call a functor right exact if it commutes with finite colimits. We do not
use this notion. By a right exact functor we always mean a right exact functor in this weaker sense
of Keune.
In this section we present a result of [1] about right exact functors on the category of groups.
Namely, we give several equivalent descriptions of right exact functors on the category of groups.
Following Kan [13], [10], we say that a simplicial group F● is free if all groups Fn are free and
it is possible to chose bases of these groups so that they are stable under degeneracy maps. A
free simplicial resolution is a weak equivalence of simplicial groups F● → G, where G is considered
as a constant simplicial group and F● is a free simplicial group. The derived functor of a functor
Φ ∶ Gr → Gr is defined as follows LnΦ(G) ∶= pin(Φ(F●)), where F● ∼↠ G is a free simplicial resolution.
Note that there is a natural map from the zero derived functor to the functor itself
L0Φ → Φ.
Let G be a group. We say that U is a G-group if U is a group together with a right action of
G on U by automorphisms. In this case we can consider the semidirect product G ⋉ U. Morphisms
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of G-groups are homomorphisms preserving the action of G. The category of G-groups is denoted
by G-Gr. A normal subgroup U of G will be always considered as a G-group with the action by
conjugation.
Let Φ ∶ Gr → Gr be a functor. For a group G we consider a functor from the category of G-groups
to the category of ΦG-groups
ΦG ∶ G-Gr Ð→ ΦG-Gr
given by
ΦGU ∶= Ker(Φ(G ⋉U)→ ΦG).
The action of ΦG on ΦGU goes via the map ΦG → Φ(G ⋉U). Note that there is an isomorphism
Φ(G ⋉U) = ΦG ⋉ΦGU.
Akhtiamov, Ivanov and Pavutnitskiy proved the following statement.
Theorem 1.2 ([1, Th.1.5]). The following statements about a functor Φ ∶ Gr → Gr are equivalent.
(1) Φ is right exact.
(2) The natural map L0Φ→ Φ is an isomorphism.
(3) For a short exact sequence U ↣ G↠H the sequence
ΦGU Ð→ ΦGÐ→ ΦH Ð→ 1
is exact, where the map ΦGU → ΦG is induced by the map G ⋉U → G, (g, u)↦ gu.
(4) For a simplicial group G● the natural map pi0(ΦG●)→ Φ(pi0(G●)) is an isomorphism.
Remark 1.3. Note that for any functor Φ the functor L0Φ is right exact. Indeed, the functors Φ
and L0Φ are equal on free groups, and hence L0(L0Φ) ≅ L0Φ.
2. Baer invariants of groups
It is known that integral homology of a group H∗G =H∗(G,Z) are derived functors of the functor
of abelianization [19, Ch. II. §5]. More precisely, if we take a free simplicial resolution F●
∼
↠ G then
Hn+1G = pin((F●)ab).
There is another sequence of functors starting from H2G which can be defined on the language of
derived functors.
We denote by γnG the lower central series of G and by νnG we denote the quotient νnG = G/γn+1G.
We say that νnG is the n-nilpotenization of G. We define the Baer invariant Mn as the first derived
functor of the functor of n-nilpotenization:
MnG = pi1(νnF●).
Derived functors do not depend of the choice of the resolution, so MnG is an invariant of G. The
first homotopy group of a simplicial group is abelian. Hence MnG is an abelian group. Note that
M1G = H2G. If we present the group G as a quotient of a free group G = F /R, then there is the
following version of Hopf’s formula for the Baer invariant
MnG =
R ∩ γn+1F
γn+1(R,F ) ,
where γn+1(R,F ) = [γn(R,F ), F ] and γ1(R,F ) = R (see [6], [15], [11]). Baer invariant MnG is also
known as n-nilpotent multiplier which is the reason for the notation.
Proposition 2.1. If G is finitely presented, then MnG is finitely generated for any n.
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Proof. Let G = F /R be a free presentation, where F is a finitely generated free group and R is finitely
generated as a normal subgroup. Then F ⋉R is a finitely generated group. Note that
νn(F ⋉R) = νnF ⋉R/γn+1(R,F ).
A subgroup of a finitely generated nilpotent group is finitely generated. Therefore (R∩γn+1F )/γn+1(R,F )
is finitely generated because it is a subgroup of νn(F ⋉R). 
Ellis proved the following theorem about Baer invariants.
Theorem 2.2 ([11, Th. 2], [17, Th. 1.74]). If H2G is a torsion group, then MnG is a torsion group
for any n.
Corollary 2.3. If G is finitely presented and H2G is finite, then MnG is finite for any n.
Proof. This follows from Proposition 2.1 and Theorem 2.2. 
3. Right exact Z-completion of a group.
For a group G we define its pro-nilpotent completion as the inverse limit of its n-nilpotenizations
Gˆ = lim←Ð νnG,
where νnG = G/γn+1G and γnG is the lower central series. The functor of pro-nilpotent completion
is not right exact. However its zero derived functor is right exact.
Let R be either a subring of Q or Z/n. For a group G we define its right exact R-completion R∞G
as the fundamental group of the Bousfield-Kan R-completion [5] of the classifying space:
R∞G ∶= pi1(R∞BG).
The map BG→ R∞BG induces a map
G→ R∞G.
In this paper we will be interested only in the case R = Z.
Further we use the homotopy theory of simplicial groups ([16, Ch. VI], [5, Ch. IV]). In particular,
we use the Kan’s loop functor G from the category of reduced simplicial sets to the category of
simplicial groups and the functor of classifying space of a simplicial group W¯ ∶
G ∶ sSetsred ⇄ sGr ∶ W¯ .
We use the following interpretation of the Bousfield-Kan Z-completion of a reduced simplicial set X●
Z∞X● ≃ W¯(ĜX●)
(see [5, Ch. IV, Prop. 4.1]). One of the main properties of the Bousfield-Kan Z-completion Z∞X●
is that its homotopy type is an invariant of homological equivalence i.e. if X → Y is a Z-hmological
equivalence, then Z∞X → Z∞Y is a homotopy equivalence.
Proposition 3.1. The functor of right exact Z-completion of groups is the zero derived functor of
the functor of pro-nilpotent completion of groups
(G↦ Z∞G) = L0(G↦ Gˆ).
In particular, the functor G ↦ Z∞G is right exact. Moreover, for any group G there is a natural
short exact sequence
(3.1) 1Ð→ lim←Ð1 MnGÐ→ Z∞GÐ→ GˆÐ→ 1.
Remark 3.2. The group lim←Ð1MnG is abelian. However, the extension (3.1) is not necessarily central.
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Proof of Proposition 3.1. If we take X● = W¯G, where G is considered as a constant simplicial group,
we obtain a simplicial classifying space of G. Then F● = G(W¯G)→ G is a free simplicial resolution of
G. Hence
Z∞G = pi1(Z∞BG) = pi1(W¯Fˆ●) = pi0(Fˆ●).
Therefore G ↦ Z∞G is the zero derived functor of the functor of pro-nilpotent completion. The
Milnor’s short exact sequence has the following form here
1Ð→ lim←Ð1 pi1(νnF●) Ð→ pi0(lim←Ð νnF●) Ð→ lim←Ð pi0(νnF●) Ð→ 1.
The functor νn is right exact, and hence, pi0(νnF●) = νnG, which gives the required short exact
sequence. 
Proposition 3.3. Let X be a path-connected pointed space. Then
pi1(Z∞X) = Z∞(pi1(X)).
Proof. We replace X by a reduced simplicial set X●. Consider the simplicial group G● = GX●. The
fact that G↦ Z∞G is a right exact functor together with Theorem 1.2 ((1)⇒(4)) imply
pi0(Z∞G●) = Z∞(pi0(G●)).
Since G● consists of free groups, we obtain Z∞G● = Gˆ●. Therefore
pi1(Z∞X●) = pi1(W¯Gˆ●) = pi0(Gˆ●) = Z∞pi0(G●) = Z∞pi1(X●).

Corollary 3.4. The group Z∞pi1(X) is an invariant of homological equivalence of spaces.
A group homomorphism G→ G′ is said to be 2-connected if it induces an isomorphism on the first
homology groups H1G ≅ H1G′ and an epimorphism on the second homology groups H2G ↠ H2G′.
Bousfield proved the following lemma.
Lemma 3.5 ([3, Lemma 6.1]). A homomorphism f ∶ G → G′ is 2-connected if and only if there is a
Z-homological equivalence of path-connected pointed spaces f˜ ∶ X →X ′ such that pi1(f˜) is isomorphic
f (in the category of homomorphsms of groups).
Stallings’ theorem [20] says that any 2-connected homomorphism G→ G′ induces an isomorphism
νnG ≅ νnG′ for any n. It follows that it induces an isomorphism of pro-nilpotent completions Gˆ ≅ Gˆ′.
Proposition 3.6 (Stallings’ theorem for Z∞G). Any 2-connected homomorphism G → G′ induces
an isomorphism
Z∞G ≅ Z∞G
′.
Proof. It follows from Lemma 3.5 and Proposition 3.3 because a Z-homological equivalence X → X ′
induces a homotopy equivalence Z∞X ≃ Z∞X ′. 
Corollary 3.7. A 2-connected homomorphism G→ G′ induces an isomorphism
lim←Ð1 MnG ≅ lim←Ð1 MnG′.
Proposition 3.8. Let G be a finitely presented group such that H2G is finite. Then the natural
morphism Z∞G→ Gˆ is an isomorphism:
Z∞G ≅ Gˆ.
Proof. By Corollary 2.3 the Baer invariants MnG are finite. The Mittag-Leffler condition implies
lim←Ð1MnG = 0. 
If U is a normal subgroup of a group G, then we set UˆG = lim←Ð U/γn(U,G).
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Proposition 3.9. Let U ↣ E ↠ G be a short exact sequence of groups and assume that the map
Z∞E → Eˆ is an isomorphism. Then there is an exact sequence
UˆE Ð→ Eˆ Ð→ Z∞GÐ→ 1.
Proof. Note that νn(E⋉U) = νnE⋉(U/γn+1(U,E)). Then Ê ⋉U = Eˆ⋉UˆE . Since the functor G ↦ Z∞G
is right exact, by Theorem 1.2 we have an exact sequence Z∞,EU → Z∞E → Z∞G→ 1. Since Z∞E ≅ Eˆ,
the commutative square
Z∞,EU Z∞E
UˆE Eˆ
≅
implies that the map Z∞,EU → Eˆ has the same image as UˆE → Eˆ. Therefore we obtain a short exact
sequence UˆE → Eˆ → Z∞G→ 1. 
Proposition 3.10. Let U ↣ E ↠ G be a short exact sequence of groups. Assume that E is finitely
presented and H2E is finite. Then there is an exact sequence
UˆE Ð→ Eˆ Ð→ Z∞GÐ→ 1.
Remark 3.11. Proposition 3.10 gives an effective way for computation of Z∞G. One has to find an
extension U ↣ E ↠ G with with finitely presented E, finite H2E and computable Eˆ and UˆE , and
then use the exact sequence.
Proof of Proposition 3.10. This follows from Proposition 3.9 and Proposition 3.8. 
If G = F /R is a free presentation of G we set R¯ = lim←Ð (R ⋅ γnF )/γnF. Note that R¯ is the closure of
R in Fˆ in the limit topology.
Proposition 3.12. If G = F /R is a free presentation of a group G, then there a commutative diagram
with exact rows and columns
RˆF Fˆ Z∞G 1
1 R¯ Fˆ Gˆ 1
lim←Ð1MnG.
Proof. The first horizontal exact sequence follows from Proposition 3.10. The second horizontal
exact sequence follows from the exact sequence (R ⋅ γn+1F )/γn+1F ↣ νnF ↠ νnG. The exactness of
the vertical left hand sequence follows from the snake lemma. 
For a group G we set γωG = ⋂
∞
n=1 γnG and νωG = G/γωG.
Proposition 3.13. If G is finitely generated, then the maps G→ Z∞G→ Gˆ induce isomorphisms
νnG ≅ νn(Z∞G) ≅ νnGˆ
for any n, and the maps from Proposition 3.1 define isomorphisms
γω(Z∞G) ≅ lim
←Ð
1MnG, νω(Z∞G) ≅ Gˆ.
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Proof. Let G = F /R be a free presentation of G, where F is a finitely generated free group. Then
we have two exact sequences RˆF → Fˆ → Z∞G → 1 and 1 → R¯ → Fˆ → Gˆ → 1. It is known [2] that
νnF ≅ νnFˆ and νnG ≅ νnGˆ. The image of RˆF in νnF is (R ⋅ γn+1F )/γn+1F. The image of R¯ in νnF is
the same. Then the exact sequences RˆF → νnF → νn(Z∞G)→ 1 and R¯ → νnF → νnGˆ→ 1 imply that
the map Z∞G↠ Gˆ gives rise to an isomorphism νn(Z∞G) ≅ νnGˆ.
Set K = Ker(Z∞G ↠ Gˆ). By Proposition 3.1 we have K ≅ lim
←Ð
1 MnG. Since γω(Gˆ) = 1, we have
γω(Z∞G) ⊆ K. On the other hand the isomorphism νnZ∞G ≅ νnGˆ implies that K ⊆ γn+1Z∞G. Thus
K = γω(Z∞G). 
Proposition 3.14. For a nilpotent group N the natural map N → Z∞N is an isomorphism
N ≅ Z∞N.
Proof. Consider a free presentation N = F /R. Then γkF ⊆ R for some k. It follows that γn+kF ⊆
γn(R,F ) for any n. Therefore the map Mn+kN →MnN is trivial for any n. Hence lim
←Ð
1MnN = 0. 
4. Examples of 3-manifolds with isomorphic pˆi1 but non-isomorphic Z∞pi1.
For a homeomorphism of a manifold f ∶ X →X one can consider its mapping torus:
Xf =
[0,1] ×X
(1, x) ∼ (0, f(x)) .
Then Xf is also a manifold such that dim(Xf) = dim(X) + 1. Moreover, there is a fiber bundle
X → Xf ↠ S
1
with the monodromy action induced by f.
Consider the following matrices
ak = (−1 k0 −1) ,
where k is an odd integer. They define homeomorphisms fk ∶ (S1)2 → (S1)2. Their mapping tori
are 3-manifolds which will be denoted by Xk. The homotopy long exact sequence of the fibration(S1)2 → Xk ↠ S1 implies that
Xk ≃K(Gk,1),
where Gk = Z ⋉ak Z
2.
Theorem 4.1. Let k and l be two odd integers.
(1) Then pi1(Xk) ≅ pi1(Xl).
(2) If kl /≡ 1,7 (mod 8), then Z∞pi1(Xk) /≅ Z∞pi1(Xl).
In order to prove this theorem, we need to prove several lemmas. Further we will always assume
that k, l are odd integers
k, l ∈ 2Z + 1.
Lemma 4.2. There is an isomorphism Gˆk ≅ Z ⋉ak Z
2
2
, where Z2 is the group of 2-adic integers.
Moreover, the group Z ⋉ak (Z/2n)2 is nilpotent for any n.
Proof. It is easy to check that for arbitrary matrix a ∈ GLs(Z) we have γn+1(Z ⋉a Zs) = 0 ⋉ bn(Zs),
where b = a − 1 and n ≥ 1. Set bk = ak − 1. Then γn+1(Gk) = 0 ⋉ bnk(Z2). By induction we prove that
bnk = ((−2)n (−2)n−1nk0 (−2)n ) .
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Hence bnk(Z2) ⊆ 2n−1Z2. On the other hand
bnk ⋅ ((−2)n −(−2)n−1nk0 (−2)n ) = ((−2)
n2 0
0 (−2)n2) .
This implies that 2n
2
Z2 ⊆ bnk(Z2). Therefore the filtralions bnk(Z2) and 2nZ2 of Z2 are equivalent. It
follows that Gˆk = Z ⋉ak Z
2
2
and Z ⋉ak Z/2n is nilpotent for any n. 
Lemma 4.3. There is an isomorphism Gˆk ≅ Gˆl.
Proof. Generally, if we have two groups Z ⋉f1 H1 and Z ⋉f2 H2 where fi ∈ Aut(Hi), then a homomor-
phism ϕ ∶H1 →H2 satisfying ϕf1 = f2ϕ defines a homomorphism 1⋉ϕ ∶ Z⋉f1 H1 → Z⋉f2 H2. We take
ϕ = (l 0
0 k
) as a matrix in GL2(Z2). Here we use that odd numbers are invertible in Z2. A direct
computation shows that alϕ = ϕak. Therefore ϕ defines an isomorphism 1 ⋉ ϕ ∶ Z ⋉ak Z
2
2
→ Z ⋉al Z
2
2
.
Thus Gˆk ≅ Gˆl. 
We denote by N the free 2-generated nilpotent group of class 2. In other words N = ν2F (x, y). It
has the following presentation
N = ⟨x, y ∣ [x, y, y] = [x, y, x] = 1⟩.
There exists a unique automorphism of F (x, y) such that x ↦ x−1 and y ↦ xky−1. It induces an
automorphism
a′k ∶ N → N, a
′
k(x) = x−1, a′k(y) = xky−1.
It lifts the automorphism ak ∶ Z2 → Z2. Note that a′k([x, y]) = [x, y]. Define the following group
Ek = Z ⋉a′
k
N.
Then (0, [x, y]) is in the center of this group. Therefore we have a central extension
(4.1) 1Ð→ Z Ð→ Ek Ð→ Gk Ð→ 1.
It is easy to check that Ek has a following presentation
Ek = ⟨a,x, y ∣ xa = x−1, ya = xky−1, [x, y, y] = [x, y, x] = 1⟩.
Lemma 4.4. There is an isomorphism H2Ek ≅ Z/4, the isomorphism Z∞Ek ≅ Eˆk and an exact
sequence
Z
[x,y]
Ð→ Eˆk Ð→ Z∞Gk Ð→ 1.
Remark 4.5. The group Ek is “better” than the group Gk because its second homology is finite,
and hence, its right exact completion equals to its usual completion. We think about Ek as about
a resolution of Gk. Recall that, the same type of construction is used in [12], in order to prove that
the HZ-length of a free noncyclic group is ≥ ω + 2.
Proof of Lemma 4.4. The spectral sequence of the extension N ↣ Eˆk ↠ Z gives a short exact se-
quence
1Ð→ (H2N)Z Ð→ H2Ek Ð→ (H1N)Z Ð→ 1.
There is an isomorphism H1N = Z2, where Z acts on Z2 by ak. Hence (H1N)Z = 0 and H2Ek =(H2N)Z. Hopf’s formula gives an isomorphism H2N = γ3F /γ4F, where F = F (x, y) is the free group.
The two elements [x, y, y], [x, y, x] form a basis of H2N ≅ Z2. The Hopf’s formula is natural in
the following sense: if we have two presentations of two groups G = F /R and G′ = F ′/R′ and a
homomorphism ϕ ∶ G→ G′ then any lifting of the homomorphism to the free groups F → F ′ induces
the homomorphism (R ∩ [F,F ])/[R,F ] → (R′ ∩ [F ′, F ′])/[R′, F ′] corresponding to ϕ∗ ∶ H2G →
H2G′. Then the action of Z on H2N is the following: [x, y, x] ↦ [x−1, xky−1, x−1], and [x, y, y] ↦
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[x−1, xky−1, xky−1]. If we treat these elements as elements of the Lie ring gr(F ) =⊕γnF /γn+1F with
the additive notation, we obtain
[x, y, x] ↦ −[x, y, x],
[x, y, y]↦ k ⋅ [x, y, x] − [x, y, y].(4.2)
It follows that Z acts onH2N by the matrix ak. Then (H2N)Z is isomorphic to the quotient Z2/bk(Z2),
where bk = ak −1. Computing the Smith normal form of the martix bk = ( −2 k0 −2 ) we obtain the matrix( 4 0
0 1
) . Therefore H2Ek = (H2N)Z = Z/4. Proposition 3.8 implies that Z∞Ek ≅ Eˆk. Then the central
extension (4.1) together with Proposition 3.10 give the exact sequence Z→ Eˆ → Z∞Gk → 1. 
Note that [N,N] is the cyclic group generated by [x, y].Hence, there is a following central extension
(4.3) 1Ð→ Z Ð→ N Ð→ Z2 Ð→ 1.
Any element of N can be uniquelly presented as asbt[a, b]u. Then the product can be defined by the
formula
(4.4) (xsyt[x, y]u)(xs′yt′[x, y]u′) = xs+s′yt+t′[x, y]u+u′−ts′ .
This means that the extension (4.3) can be defined by the 2-cocycle α ∶ Z2 ×Z2 → Z given by
α((s, t), (s′, t′)) = −ts′.
Let R be an associative ring. We denote by N⊗R the group of formal expressions xsyt[x, y]u where
s, t, u ∈ R, and the multiplication is defined by the formula (4.4). This group can be obtained as the
group corresponding to the 2-cocycle αR ∶ R2×R2 → R given by the same formula αR((s, t), (s′, t′)) =
−ts′
1Ð→ R Ð→ N ⊗R Ð→ R2 Ð→ 1.
In order to prove that this construction gives a well-defined group N ⊗R one just need to check that
αR is a 2-cocycle, which can be done by a direct computation.
Let’s describe the action of a′
k
on N more explicitly. It is easy to check that
a′k(yt) = (xky−1)s = xkty−t[x, y]kt(t−1)/2
and a′
k
([x, y]) = [x, y]. It follows that
a′k(xsyt[x, y]u) = x−s+kty−t[x, y]u+kt(t−1)/2.
It is easy to see that the same formula defines an automorphism of N ⊗Z2 ∶
a′k,Z2 ∶ N ⊗Z2 Ð→ N ⊗Z2
because elements of the form t(t − 1) are uniquely divisible by 2 in Z2. For simplisity we will denote
a′k = a
′
k,Z2
.
Lemma 4.6. The obvious map Ek → Z ⋉a′
k
(N ⊗Z2) induces an isomorphism
Eˆk ≅ Z ⋉a′
k
(N ⊗Z2)
and there are short exact sequences
0 Z Eˆk Z∞Gk 1
0 Z2 Eˆk Gˆk 1
[x,y]
Moreover, the group Z ⋉a′
k
(N ⊗Z/2n) is nilpotent for any n.
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Proof. Set E = Ek. Consider a subgroup of En ⊆ N
En = {xsyt[x, y]u ∣ s, t ∈ 2n+1Z, u ∈ 2nZ}.
Since t ∈ 2n+1Z implies that t(t − 1)/2 ∈ 2nZ, the explicit formula for a′k gives that
a′k(En) ⊆ En.
Therefore En = 0⋉ En is a normal subgroup of E . Then Z⋉a′
k
(N ⊗Z2) = lim
←Ð
E/En. We also set G = Gk
and Gn = Z ⋉ak 2n+1Z2. Note that there is a central extension
1Ð→ Z/2n Ð→ E/En Ð→ G/Gn Ð→ 1.
By Lemma 4.2 G/Gn is nilpotent, and hence, E/En is nilpotent. This follows that for any n there
exists m(n) such that γm(n)E ⊆ En. Hence we have the following diagram
1 N/(N ∩ γm(n)E) E/γm(n)E G/γm(n)G 1
1 Z/2n E/En G/Gn 1
We want to prove that the central map induce an isomorphism on limits. By Lemma 4.2 the right
hand vertical map induces an isomorphism on limits. Then we need to prove that the left hand map
induces an isomorphism on limits. It is enough to prove that the filtrations [N,N]∩γnE and ⟨[x, y]2n⟩
of the cyclic group [N,N] = ⟨[x, y]⟩ are equivalent. We already know that N ∩ γm(n)E ⊆ ⟨[x, y]2n⟩
because the left hand vertical map is well defined. On the other hand, if we use the presentationE = ⟨x, y, a ∣ xa = x−1, ya = xky−1, [x, y, y] = [x, y, x] = 1⟩, we obtain
[x, a, . . . , a´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n
, y] = [x, y](−2)n ∈ [N,N] ∩ γn+2E .
Hence ⟨[x, y]2n⟩ ⊆ [N,N] ∩ γn+2E . It follows that Eˆ = Z ⋉a′
k
(N ⊗Z2).
The short exact sequences follow from the the description of Eˆk and Lemma 4.4. 
Denote by N the quotient of N ⊗ Z2 by the subgroup {[x, y]n ∣ n ∈ Z}. Then any element of the
group N has the form xsyy[x, y]u, where s, t ∈ Z2 and u ∈ Z2/Z ∶
N = (N ⊗Z2)/⟨[x, y]⟩, N = {xsyy[x, y]u ∣ s, t ∈ Z2, u ∈ Z2/Z}.
The product of elements in N is given by
xsyt[x, y]u ⋅ xs′yt′[x, y]u′ = xs+s′yt+t′[x, y]u+u′−ts′ ,
where ts′ is the image of ts′ in Z2/Z.
Corollary 4.7. There is an isomorphism
Z∞Gk ≅ Z ⋉a′
k
N .
Moreover
γω(Z∞Gk) ≅ Z2/Z, νω(Z∞Gk) ≅ Gˆk.
Corollary 4.8. There is an isomorphism
lim
←Ð
1MnGk ≅ Z2/Z.
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Proof of the Theorem 4.1. We proved that Gˆk ≅ Gˆl in Lemma 4.3.
Then we only need to prove that kl /≡ 1,7(mod 8) implies Z∞Gk /≅ Z∞Gl. Assume the contrary,
that there is an isomorphsm ϕ ∶ Z∞Gk → Z∞Gl. Then it induces an isomorphism of quotents by γω
which are equal to the ususal completions ϕ′ ∶ Gˆk → Gˆl. Since Gˆk ≅ Z ⋉ Z22, we have that the set
of 3-divisible elements of Gˆk is 0 ⋉ Z22. Therefore we obtain an isomorphism ϕ
′′
∶ Z2
2
→ Z2
2
and an
isomorphism ϕ˜ ∶ Z→ Z ∶
1 Z2
2
Gˆk Z 1
1 Z2
2
Gˆl Z 1.
ϕ′′ ϕ
′ ϕ˜
Note that ϕ˜(1) = ±1. Therefore
ϕ′(a) = a±1xs0yt0
for some s0, t0 ∈ Z2. This implies that
ϕ′′ak = a
±1
l ϕ
′′.
Any homomorphism Z2 → Z2 is the multiplcation by a 2-adic number. Therefore ϕ′′ is given by an
invertible 2 × 2-matrix over Z2 ∶
ϕ′′ = (ϕ11 ϕ12
ϕ21 ϕ22
) , ϕij ∈ Z2.
The equation ϕ′′ak = a±1l ϕ
′′ implies
(−ϕ11 −ϕ12 + kϕ11
−ϕ21 −ϕ22 + kϕ21
) = ϕ′′ak = a±l ϕ′′ = (−ϕ11 ± lϕ21 −ϕ12 ± lϕ22
−ϕ21 −ϕ22
) .
Since k, l ≠ 0, this implies that ϕ21 = 0 and kϕ11 = ±lϕ22. Therefore
ϕ′′ = (αl β
0 αk
) ,
where α = ϕ22/k = ±ϕ11/l and β = ϕ12. Here we use that odd numbers are invertible in Z2. Since ϕ′′ is
invertible, α is also invertible in Z2. If we present elements of Z∞Gk = Z⋉N in the form anxsyt[x, y]u,
where n ∈ Z, s, t ∈ Z2 and u ∈ Z2/Z, then this means that
ϕ(xs) = xαls[x, y]u0(s), ϕ(yt) = xβtyαkt[x, y]v0(t)
for some u0(s), v0(t) ∈ Z2/Z. Therefore
ϕ([x, y]u) = ϕ([xu, y]) = [ϕ(xu), ϕ(y)] = [xαlu, xβyαk] = [x, y]α2klu.
Since ϕ is well defined, u ∈ Z implies α2klu ∈ Z. It follows that there exists m ∈ Z such that
α2kl =m.
Since α,k, l are invertible in Z2, m is odd. Then [x, y]1/m is a well defined element of N and
ϕ([x, y]1/m) = [x, y] = 1.
Since ϕ is an isomorphism, we obtain [x, y]1/m = 1. Therefore 1/m ∈ Z and hence m = ±1. Thus
±kl = α2.
The element 1 is the only square in Z/8. Hence ±kl ≡ 1(mod 8). This contradicts to our assumption.
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